In this paper, we study one of the open problems in Finsler geometry which presented by Matsumoto-Shimada about the existence of P-reducible metric which is not C-reducible. For this aim, we study a class of Finsler metrics called generalized P-reducible metrics that contains the class of P-reducible metrics. We prove that every generalized P-reducible (α, β)-metric with vanishing Scurvature reduces to a Berwald metric or C-reducible metric. It results that there is not any concrete P-reducible (α, β)-metric with vanishing S-curvature.
Introduction
In 1975, the well-known Physicist Y. Takano wrote a paper on physics which considered the field equation in a Finsler space and proposed certain geometrical problems in Finsler geometry [14] . He requested mathematicians to find some interesting special forms of hv-curvature from the standpoint of physics. In 1978, Matsumoto introduced the notion of P-reducible Finsler metrics as an answer to Takano which were a generalization of C-reducible Finsler metrics [7] . For a Finsler metric of dimension n ≥ 3, he found some conditions under which the Finsler metric was P-reducible.
Since the study of hv-curvature becomes urgent necessity for the Finsler geometry as well as for theoretical physics, then Matsumoto-Shimada study the curvature properties of P-reducible metrics in [10] . They introduced the following open problem:
Is there any concrete P-reducible metric which is not C-reducible?
In [9] , Matsumoto-Hōjō proves that F is C-reducible if and only if it is a Randers metric or Kropina metric. These metrics defined by F = α + β and F = α 2 /β, respectively, where α = a ij y i y j is a Riemann metric and β := b i (x)y i a 1-form on a manifold M . The Randers metrics were introduced by G. Randers in the context of general relativity and have been widely applied in many areas of natural science, including biology, ecology, physics and psychology, etc [3] . The Kropina metric was introduced by L. Berwald in connection with a two-dimensional Finsler space with rectilinear extremal [1] .
In [11] , Numata introduced an interesting family of Finsler metrics called the Numata-type metrics. The Numata-type Finsler metrics are defined by F :=F + η, whereF (y) = g ij (y)y i y j is a locally Minkowskian metric and η = η i (x)y i a closed one-form on a manifold M . F is called a Randers change ofF . By a simple calculation, we get
where
, where γ i := dx i and γ
Then the Landsberg curvature of F is given by
A Finsler metric F is called generalized P-reducible if its Landsberg curvature is given by (1) , where a i = a i (x, y) and λ = λ(x, y) are scalar function on T M . Thus every Numata-type metric is a generalized P-reducible metric. By definition, if a i = 0 then F reduces to a general relatively isotropic Landsberg metric and if λ = 0 then F is P-reducible. Thus the study of this class of Finsler spaces will enhance our understanding of the geometric meaning of P-reducible metrics.
The notion of S-curvature is originally introduced by Shen for the volume comparison theorem [12] . The Finsler metrics with vanishing S-curvature are some of important geometric structures which deserved to be studied deeply. Then it is a natural problem to study Finsler metrics with vanishing S-curvature [15] .
An (α, β)-metric is a Finsler metric of the form
Randers type metric, where c 1 > 0, c 2 and c 3 are constant. In this paper, we characterize generalized P-reducible (α, β)-metrics with vanishing S-curvature and prove the following. Theorem 1.1. Let F = αφ(s), s = β/α, be an (α, β)-metric on a manifold M . Suppose that F is a generalized P-reducible metric with vanishing S-curvature. Then F is a Berwald metric or C-reducible metric.
By Theorem 1.1, it follows that there is no concrete P-reducible (α, β)-metric with vanishing S-curvature (see Lemma 3.5) .
In this paper, we use the Berwald connection and the h-and v-covariant derivatives of a Finsler tensor field are denoted by " | " and ", " respectively.
Preliminaries
Let (M, F ) be a Finsler manifold. Suppose that x ∈ M and F x := F | TxM . We define
and g ij := 
and h ij = g ij − F y i F y j is the angular metric. F is said to be C-reducible if M y = 0. A Finsler metric called semi-C-reducible if its Cartan tensor is given by following
where p = p(x, y) and q = q(x, y) are scalar function on T M satisfying p + q = 1 and
The horizontal covariant derivatives of the Cartan torsion C and mean Cartan torsion I along geodesics give rise to the Landsberg curvature L y :
The A Finsler metric F on n-dimensional manifold M is called P-reducible if its Landsberg curvature is given by following
It is easy to see that, every C-reducible metric is P-reducible. But the converse maybe is not true [6] .
are called spray coefficients and given by following
G is called the spray associated to F . 
denote the coefficients of F and α respectively in the same coordinate system. The following holds
The mean Landsberg curvature of an (α, β)-metric F = αφ(s), is given by following formula
For more details, see [2] . Then we havē
For a Finsler metric F on an n-dimensional manifold M , the Busemann-Hausdorff volume form dV F = σ F (x)dx 1 · · · dx n is defined by
Let G i (x, y) denote the geodesic coefficients of F in the same local coordinate system. The S-curvature is defined by 
where ε = ε(x) is a scalar function, and φ = φ(s) satisfies
where k is a constant. In this case, S = (n + 1)cF with c = kε.
(b) β satisfies
In this case, S = 0.
3 Proof of Theorem 1.1
Lemma 3.1. Let F = αφ(s), s = β/α, be a non-Randers type (α, β)-metric on a manifold M of dimension n ≥ 3. Suppose that F has vanishing S-curvature. Then the following hold
where y i := g ij y j .
Proof. The following holds
where α i := α −1 a ij y j and
Then
whereȳ i := a ij y j . Sinceȳ i s i 0 = 0 then by (8) we get b i s i 0 = 0. Thus (17) implies that
Since y i|0 = 0, then by (18) it follows that
By s j = b j s i j = 0, we have
or equivalently
By (17) and (21), we get
Since ρ 1 s + ρ 2 = 0, then
This completes the proof.
Lemma 3.2. Let F = αφ(s), s = β/α, be a non-Randers type (α, β)-metric on a manifold M of dimension n ≥ 3. Suppose that F has vanishing S-curvature. Then the following hold
Proof. Since F has vanishing S-curvature, then (3) reduces to following
Taking third order vertical derivations of (26) with respect to y j , y l and y k yields
Multiplying (27) with y i and using (9) implies that
By (8), we have s j = b j s ij = 0. Then, multiplying (28) with b j b k b l yields (24). By (5) and (8), we get (25). 
Proof. Let F be a generalized P-reducible metric
Contracting (30) with g ij := (g ij ) −1 and using the relations g ij h ij = n − 1 and
Putting (32) in (30) yields
By simplifying (33), we get (29).
Lemma 3.4. Let F = αφ(s), s = β/α, be a non-Randers type (α, β)-metric on a manifold M of dimension n ≥ 3. Suppose that F is a generalized P-reducible metric with vanishing S-curvature. Then F is a P-reducible metric.
Proof. Let F be a generalized P-reducible metric. By Lemma 3.3, we have
Contracting (34) with b i b j b k and using (24) and (25), implies that
By (35), we get two cases as follows:
Case (1): λ = 0. In this case, F reduces to a P-reducible metric.
Case (2): λ = 0. In this case, by (35) we get
Multiplying (2) with
By (36) and (37), it follows that
By (38), we get three cases as follows:
By a direct computation, we can obtain a formula for the mean Cartan torsion of (α, β)-metrics as follows
If b i I i = 0, then by contracting (39) with b i , we get
By (40), we have Φ = 0 or φ − sφ ′ = 0 which implies that I = 0 and then F is a Riemannian metric. This is a contradiction with our assumptions.
Case (2b): Suppose that the following holds
Since h jk = g jk − F −2 g jm g kl y m y l , then
By (41) and (42), we obtain
Since y i I i = 0, then by (43), we get
Put
It follows from (44) that
Since G ij y i y j = F 2 , then (45) implies that
By Cauchy-Schwartz type inequality and (46), we have
where k is a real constant. Multiplying (47) with b i andȳ i , respectively, implies that
By (48), it follows that (b 2 − s 2 )α 2 = 0 which is a contradiction.
Case (2c):
If q = 0 then p = 1 and from (2), it results that F is C-reducible. In any cases, F is a P-reducible Finsler metric. Now, we are going to consider P-reducible (α, β)-metrics with vanishing Scurvature.
Lemma 3.5. Let F = αφ(s), s = β/α, be a non-Randers type (α, β)-metric on a manifold M of dimension n ≥ 3. Suppose that F is a P-reducible metric with vanishing S-curvature. Then F reduces to a Berwald metric or C-reducible metric.
Proof. The Landsberg curvature of an (α, β)-metric is given by
For more details see [13] . Since r ij = 0 and s i = 0, then (4) and (49) reduce to following
We shall divide the problem into two cases: (a) s i0 = 0 and (b) s i0 = 0.
Case (a): Let s i0 = 0. In this case, by (52) and (53), F reduces to a Landsberg metric. By Shen' Theorem in [13] , F reduces to a Berwald metric.
Case (b): Let s i0 = 0. Then by (52) and (53), we have
Thus the Landsberg curvature of an (α, β)-metric with vanishing S-curvature satisfies (54). Put
Then by putting (50) and (51) in the formula of Z ij it follows that
By assumption, F is P-reducible
where the angular metric h ij := g ij − F y i F y j is given by following
By (54) and (56), we obtain
Since α i s i 0 = 0 and b i s i 0 = 0, then we have
Therefore, contracting (57) with s i 0 s j 0 s k 0 implies that
By (58), it follows that
where χ := B − 1 n + 1 φφ ′′ .
Since J i = 0 and b m J m = 0, then by multiplying (57) with b i b j , we get
By contracting (59) with b i b j and considering (60), it follows that
(58) and (61) imply that
By (62) and (63), we obtain
where c is a non-zero real constant. Solving (64) implies that
where c 1 = 0 and c 2 are real constants. By (65), it follows that
where d is a real constant. We shall divide the problem into two cases: (b1) d = 0 and (b2) d = 0.
Subcase (b1): If d = 0, then by (66) we have
which is a Randers-type metric. This is a contradiction.
Subcase (b2): If d = 0, then (66) yields
which is a Randers change of a Kropina metric. It is known that, Kropina metrics are C-reducible. On the other hand, every Randers change of C-reducible metric is C-reducible [5] . Then the Finsler metric defined by (68) is C-reducible.
Proof of Theorem 1.1: Every two-dimensional Finsler surface is C-reducible. For Finsler manifolds of dimension n ≥ 3, by Lemmas 3.4 and 3.5, we get the proof.
